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We present here the equations of the Snow/Firn rheological law implemented in Elmer/Ice (PorousSolve)
and analytical solutions for purpose of testing the implementation. This law is a compressible Norton-
Hoff type law, which response depends on the relative density D of the material. At the limit, when
D = 1, the Snow/Firn law reduces exactly to the classical Glen’s flow law. This law was initialy
proposed by Duva and Crow (1994) and adapted to the snow and firn by Gagliardini and Meysson-
nier (1997). This law has been used later for different applications conducted with different models
(Lüthi and Funk, 2000, 2001; Boutillier, 2004; Zwinger et al., 2007).

Snow/Firn law

To formulate the law, let first decompose the Cauchy stress tensor σ and the strain-rate tensor ε̇
in their deviatoric parts τ and ė, and isotropic parts pI and ε̇mI/3, respectively:

τ = σ −
trσ

3
I = σ + pI , (1)

and

ė = ε̇−
tr ε̇

3
I = ε̇−

1

3
ε̇mI . (2)

We here adopt the same definition for the isotropic pressure as in Elmer (p = − trσ/3). With these
notations, compression is negative for stress but positive for the isotropic pressure. ε̇m = dV/V is
the relative change of volume. For an incompressible fluid (ice), ε̇m = 0.

Let’s now define invariants for the strain-rate:

γ2e = 2 tr (ė)2 = 2ėij ėij , ε̇2D =
γ2e
a

+
ε̇2m
b

, (3)

and for the stress:

τ 2 =
1

2
tr τ 2 =

1

2
τijτij , σ2

D = aτ 2 + bp2 . (4)

The two parameters a = a(D) et b = b(D) are only function of the relative density D, which is then
needed as an internal variable for the Snow/Firn law. The form of these two functions is described
below.
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The rheological law expresses the relation between the deviatoric and isotropic parts of the stress
and that ones of the strain-rate, such as:

τ =
2

a
B−1/n

n ε̇
(1−n)/n
D ė , (5)

and

p = −
1

b
B−1/n

n ε̇
(1−n)/n
D ε̇m . (6)

Inverse relations can be obtained by noticing the relation between stress and strain-rate invariants,
which writes:

ε̇D = Bnσ
n
D . (7)

Using this relation between invariants, one obtains:

ė =
a

2
Bnσ

n−1
D τ , (8)

and
ε̇m = −bBnσ

n−1
D p . (9)

The parameters a and b are function of the relative density D = ρ/ρi, where ρ is the snow density
and ρi is the ice density. In the limit case where D = 1 (ice), a = 1 and b = 0, and the Snow/Firn
law reduces to the classical incompressible Glen’s flow law:

τ = 2B−1/n
n γ(1−n)/n

e ε̇ , or in its inverse form ε̇ =
Bn

2
τn−1τ (10)

(Note: Bn = 2A = η−n
0 , where A is the fludity parameter used in the ISMIP tests and η0 is the

viscosity as defined in Elmer for the Navier-Stokes solver).
For large relative density (0.81 < D ≤ 1), one can adopt the proposed analytical solution for the
two functions a and b (Duva and Crow, 1994):

a0(D) =
1 + 2(1 −D)/3

D2n/(n+1)
, et b0(D) =

3

4

(
(1 −D)1/n

n[1 − (1 −D)1/n]

)2n/(n+1)

. (11)

For smaller relative density, a parametrized form of the two functions a and b is adopted, by fitting
cold room experiments and densification measured at Site 2. Under uniaxial compression, the section
of the sample cannot decrease, implying that 3a > 2b. We finally adopt the following expression for
the two functions a and b (see Figure 1):

a(D) =

{
e(13.22240−15.78652D) 0.4 ≤ D ≤ 0.81 ,
a0(D) 0.81 < D ≤ 1 ,

b(D) =

{
e(15.09371−20.46489D) 0.4 ≤ D ≤ 0.81 ,
b0(D) 0.81 < D ≤ 1 .

(12)

Various expressions have been used in the different applications, by adopting slightly different num-
bers in the parametrization for small relative density.
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Par manque de données, mais aussi parce que les mécanismes mis en jeux (métamorphisme
de la neige) ne peuvent pas être représentés par la loi phénoménologique proposée, celle-ci est
limité à des densités relatives supérieures à 0.4, soit approximativement des neiges de 350 kg m−3.
Pour les modélisations envisagées (écoulement de glacier ou reptation de la neige dans les filets),
cette borne inférieure pour la densité ne constitue pas une limitation importante du modèle car la
neige fraîchement tombée reste très peu de temps à des densités aussi faibles (quelques jours). La
Figure 2.7 met en évidence la très grande variabilité du comportement de la neige et du névé en
fonction de la densité. A la limite, lorsque la densité relative ρ̃ = 1 est atteinte, alors ã = 1, b̃ = 0
et la loi pour la neige (2.36) se réduit à la loi de Glen (2.1) pour la glace incompressible.
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sité relative ρ̃ des fonctions ã (ligne pleine) et b̃
(tiret). Les symboles représentent les essais mé-
caniques de Landauer (1957) (U essai uni-axial,
C essai uni-axial confiné et I compression iso-
trope) et l’exploitation des mesures de densité à
Site 2. (adaptée d’après Gagliardini et Meysson-
nier, 1997).

Notons que la loi pour la neige a été utilisée dans de nombreuses applications par nous-même
ou par d’autres groupes de recherche (Gagliardini et Meyssonnier, 1997; Lüthi et Funk, 2000, 2001;
Boutillier, 2004; Zwinger et al., 2007). Je présente dans le Chapitre 4, une application à la modé-
lisation de l’écoulement 3D du glacier cratère Gorshkov (péninsule du Kamchatka, Russie). Pour
toutes ces applications, les expressions des fonctions ã et b̃ peuvent être légèrement différentes,
surtout aux faibles densités, mettant en évidence la mauvaise connaissance que nous avons de la
dépendance du comportement de la neige à la densité. Un travail expérimental, actuellement en
cours au LGGE (Thèse sous la direction de J. Meyssonnier), devrait permettre de contraindre plus
fortement les fonctions ã et b̃.

L’évolution de la densité relative pour un champ de vitesses donné u est tout simplement
déterminée en résolvant l’équation de la conservation de la masse, comme je le présente en détail
dans le Chapitre suivant.
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Figure 1: Evolution of the parameters a (line) and b (dashed ) as a function of the relative density
D. Mechanical tests from Landauer (1957) and densification at Site 2 are indicated by the symbols
(U uni-axial tests, C confined uni-axial test and I isotropic compression) (adapted from Gagliardini
and Meyssonnier, 1997).

Analytical Solution

The corresponding problems solved with Elmer can be downloaded on the svn
(in Test/Test_Porous.tar.gz). An excel file is also available to get analytical value for other
input parameter values (in DocSolverLGGE/AnalyticalSolutionPorous.xls).

All the solutions are given for a box of size L× l×h. Numerical solution are given for the following
numerical values:

n 3
Bn 20 MPa−3 a−1

ρi 900 kg m−3

g 9.81 m s−2

D 0.5
a 206.2605
b 129.1875

Table 1: Numerical values of the parameters
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In all the following examples, the common boundary conditions are u(x = 0) = v(y = 0) = w(z =
0) = 0. Other boundary conditions are specified for each particular examples.

Uniaxial stress-driven compression test

The supplementary boundary condition for this example is σzz(z = h) = σ̄ = −0.01MPa.

The stress components are then σzz = σ̄, and all other components are nulls, so that p = −σ̄/3.
The deviatoric stress components are therefore τzz = 2σ̄/3 and τxx = τyy = −σ̄/3. From Equation
(4), the invariants are found to be τ 2 = σ̄2/3 and σ2

D = (a/3 + b/9)σ̄2.

From Equations (8) and (9), one can derive the non-null strain-rate components:

ε̇zz = Bn

(
a

3
+
b

9

)(n+1)/2

σ̄n , (13)

and

ε̇xx = ε̇yy =
Bn

18

(
a

3
+
b

9

)(n−1)/2

(2b− 3a)σ̄n . (14)

The numerical solution is then ε̇zz = −0.1381 a−1 and ε̇xx = ε̇yy = 0.03328 a−1.

Uniaxial velocity-driven compression test

The supplementary boundary condition for this example is w(z = h) = w̄ = −0.01 m/a.

The vertical strain-rate is ε̇zz = w̄/h. The only non-zero stress components is then σzz, so that
p = −σzz/3. The deviatoric stress components are therefore τzz = 2σzz/3 and τxx = τyy = −σzz/3.
From Equation (4), the invariants are found to be τ 2 = σ2

zz/3 and σ2
D = (a/3 + b/9)σ2

zz.

From Equations (8) and (9), one can obtain the vertical Cauchy stress:

σzz = B−1
n

(
a

3
+
b

9

)−(n+1)/(2n)(
w̄

h

)1/n

, (15)

and the transverse strain-rate components:

ε̇xx = ε̇yy =
2b− 3a

2b+ 6a

w̄

h
. (16)

Isotropic compression test

The supplementary boundary condition for this example is σxx(x = L) = σyy(y = l) = σzz(z =
h) = σ̄ = −0.01MPa.

The stress components are then σxx = σyy = σzz = σ̄, and all other components are nulls, so that
p = −σ̄. The deviatoric stress components are all nulls. From Equation (4), the invariant is found
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to be σ2
D = bσ̄2.

From Equation (9), one can derive the non-null strain-rate components:

ε̇xx = ε̇yy = ε̇zz =
ε̇m

3
=
b(n+1)/2

3
Bnσ̄

n . (17)

The numerical solution is then ε̇xx = ε̇yy = ε̇zz = −0.1113 a−1.

Uniaxial stress-driven confined compression test

The supplementary boundary conditions for this example are σzz(z = h) = σ̄ = −0.01MPa and
u(x = L) = v(y = l) = 0.

The vertical stress component is then σzz = σ̄. From the lateral boundary conditions, we have
ε̇xx = ε̇yy = 0 so that ėxx = ėyy = −ε̇zz/3 and ėzz = 2ε̇zz/3. Strain-rate invariants reduce to
ε̇m = ε̇zz, γ2e = 4ε̇zz/3 and ε̇2D = (4/(3a) + 1/b)ε̇2zz.

One can then estimate τzz and p:

τzz =
4

3a
B−1/n

n

(
4

3a
+

1

b

)(1−n)/(2n)

ε̇1/nzz , and p = −
1

b
B−1/n

n

(
4

3a
+

1

b

)(1−n)/(2n)

ε̇1/nzz , (18)

so that

σzz = σ̄ = B−1/n
n

(
4

3a
+

1

b

)(1+n)/(2n)

ε̇1/nzz . (19)

Inversion of the previous equation allows to infer the strain-rate and the missing deviatoric stress
components:

ε̇zz = Bn

(
4

3a
+

1

b

)−(n+1)/2

σ̄n , (20)

and

τxx = τyy = −
2

3a

(
4

3a
+

1

b

)−1

σ̄ . (21)

The numerical solution is then ε̇zz = −0.0991 a−1, τxx = τyy = 0.002275 MPa, τzz = −0.00455 MPa
and p = 0.00545 MPa.

Uniaxial compression of a sample under gravity

This solution is for an infinitely large media of relative density D flowing under gravity. The supple-
mentary boundary conditions for this example are u(x = L) = v(y = l) = 0 and the upper surface
z = h is stress-free .

The solution is similar to the previous one, excepted that σzz = ρiDg(z − h), σxx = σxx(y, z)
and σyy = σyy(x, z). From the lateral boundary conditions, we have ε̇xx = ε̇yy = 0 so that
ėxx = ėyy = −ε̇zz/3 and ėzz = 2ε̇zz/3. Strain-rate invariants reduce to ε̇m = ε̇zz, γ2e = 4ε̇zz/3 and
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ε̇2D = (4/(3a) + 1/b)ε̇2zz.

The solution is

ε̇zz = ε̇m = Bn

(
4

3a
+

1

b

)−(n+1)/2

(ρiDg(z − h))n , (22)

and

p = −

(
1 +

4b

3a

)−1

ρiDg(z − h) , and τzz =

1 −

(
1 +

4b

3a

)−1
 ρiDg(z − h) , (23)

and

τxx = τyy = −

(
2 +

3a

2b

)−1

ρiDg(z − h) . (24)

Integration of the strain-rate allows to evaluate the velocities:

w(z) = Bn

(
4

3a
+

1

b

)−(n+1)/2

(ρiDg)n
(z − h)n+1 − hn+1

n+ 1
, and u = v = 0 . (25)
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Inferring the function a and b from borehole measurements

For this inversion, one needs to know the density evolution with depth ρ = ρ(z), the surface
accumulation ac [m weq a−1] and the temrature profile T = T (z). Assuming that the density
evolution is solely due to vertical compaction (infinitely large media case), the vertical strain-rate is
given by (Pimienta, 1987):

ε̇zz(z) =
ac

D2ρi

∂D

∂z
. (26)

For a uniaxial confined compression, the relation between the hydrostatic pressure (vertical stress)
and the vertical strain-rate is given by Equation (20). The hydrostatic pressure is computed as the
load of snow over the layer of altitude z, so that:

σzz(z) =

∫ zs

z

ρiDg dz . (27)

And the two parameters can be estimated as:(
4

3a
+

1

b

)
=
σ
2n/(n+1)
zz B

2/(n+1)
n

ε̇
2/(n+1)
zz

, (28)

where σzz(z), ε̇zz(z) and Bn(T (z)) are evaluated at each depth. The problem in that form is ill-
posed because we have two functions to be determined and only one equation. One can adopt that
the ratio a/b = a0/b0, where a0 and b0 are defined by (11). One should also remember that 3a > 2b
and include this constraint in a/b = a0/b0.
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