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The free-surface equation

• Surface evolution governed by the kinematic free-surface
equation

• Mass balance between accumulation
• and the flow of ice.

• Coupled to the Stoke’s flow through the surface velocities.



The Stokes equation

• Bilinear form

• Linear form

• Coupled system suffers from instabilities.



The free-surface stabilization algorithm (FSSA)

• Taylor expand force term in Stokes weak form to mimic an implicit time-
stepping scheme (Kaus et al. 2010)[1]

• Adapt to ice-sheet modeling by adding accumulation (Löfgren, Ahlkrona,
Helanow 2022)[2]

from advection from
accumulation/ablation



Implementation in Elmer

• IncompressibleNSVec

• 'full' is the complete
implementation from below

• 2 version originating from initial
approximation (now implemented in
matrix) declaring a slip coefficient
o in normal-direction based on vertical

velocity ('normal')
oin vertical-direction (dim) based on

normal velocity ('transposed')



Implementation in Elmer
!---LUA BEGIN
! year_s=365.25*24*3600
! pa_to_mpa=1.0E-6
! rho=910*year_s^(-2.0)*pa_to_mpa
! gravity=9.8*year_s^(2.0)
! time_step=5.0
! theta=1
! stabilization_parameter=theta*time_step*rho*gravity
!---LUA END

Boundary Condition 3
Name = "surface"
Top Surface = Equals "Zs"
Body ID = 2
FSSA Coefficient = Real #stabilization_parameter
FSSA Flag = String "full"  ! "normal" "transposed"

End

!---LUA BEGIN
! year_s=365.25*24*3600
! pa_to_mpa=1.0E-6
! rho=910*year_s^(-2.0)*pa_to_mpa
! gravity=9.8*year_s^(2.0)
! time_step=5.0
! theta=1
! stabilization_parameter=theta*time_step*rho*gravity
!---LUA END

Boundary Condition 3
Name = "surface"
Top Surface = Equals "Zs"
Body ID = 2
FSSA Coefficient = Real #stabilization_parameter
FSSA Flag = String "full"  ! "normal" "transposed"

End

• In free-surface BC add 2
keywords:

• FSSA Coefficient:
oΘ ∈ 0,1

• FSSA Flag:
ofull

onormal

otransposed

onone (=default)
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Synthetic test-case

• Synthetic landscape
using algorithm also
used in gaming (Perlin)

• 8 × 5 = 40 km

• Accumulation in
uppermost part, no
ablation!

• Low slip in upper part,
high slip in lower
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Synthetic test-case

• Comparison between run
with full FSSA (left) and no
surface stabilization (right)

• Timestep-size 20 years

• Minimum mesh size 100 m

• Maximum front velocities
~20 m/a
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Synthetic test-case

• Minimum flow height 10 m

• Need limiters, particular in
steep, non-glaciated parts

• Built-in limiters (Apply
Dirichlet=True) in
FreeSurfaceSolver did
not work

• Suggest to use library limiters
from now on
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Changes to FreeSurfaceSolver

11



Changes to FreeSurfaceSolver
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Conclusions

• New branch under
https://github.com/ElmerCSC/
elmerfem/tree/fssa-merge

• Introduced FSSA into
IncompressibleNSVec
oNot in legacy Navier-Stokes!

• Significant changes to
FreeSurfaceSolver
o moving from built-in to library

limiters
o update of test
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https://github.com/ElmerCSC/
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