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Uncertain parameterisations
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e.g. friction of the ice on the bedrock highly variable in space and time
Usually prescribed as a friction law Tau=f(u)
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More and more available observations
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 [Prichard et al., 2009] 

Surface velocities Topography ds/dt
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Specificity of ice flow

Ice flow:
Quasi-static (diagnostic)

Basal boundary
Amount of sliding at that 
particular date? 

Very low Reynolds -> no history in the velocity

Reconstruction of the basal conditions from surface measurements

? ?

?
?

?
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Surface observations at a given date:
 - surface velocity:  
 - surface topography: 

uobs

s (xi)

z

obs

s (x)
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Inverse methods in Elmer: balance equations
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 ● STOKES: 2 inverse methods implemented in Elmer/Ice:
 ● Robin inverse method (arthern and Gudmundsson, 2010)
 ● Adjoint method (Mac Ayeal, 1993; Morlighem et al., 2010; Petra et al., 2012)

Characteristics:
=> restricted to diagnostic (no time evolution)
=> slip coefficient (Linear sliding law)
=> ice viscosity
=> could also do Neumann and Dirichlet BC (Adjoint method)

 ● SSA:
• Adjoint Method: in elmerice branch since 2016
• Not yet documented on the wiki 
• Test case presented at the beginner course in Oslo in 2016

• Efficient minimisation library (quasi-Newton algorithm)
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Variational data assimilation 
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See pioneer paper from Mac Ayeal!!
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Variational data assimilation
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Adjoint method (Mac Ayeal, 1993)
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Getting the adjoint
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Optimisation algorithm: M1QN3
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Stokes: Nothing new since the CSC - 2013 Advanced Course
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See the CSC-2013-Advanced Course Material:
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• step by step construction of a «twin experiment» (set-up 
based on Mac Ayeal, 1993)

• Application to Jacobshavn Isbrae drainage basin
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See also the Elmer/Ice reference paper
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Adjoint of the SSA
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Field equations:

• Assimilation of viscosity and friction:
• Fürst et al., Assimilation of Antarctic velocity observations provides evidence for uncharted pinning 
points, The Cryosphere, 2015
• Fürst et al., Passive shelf ice: the safety band of Antarctic ice-shelves, Nature Climate Change, 2016

• Assimilation of bedrock topography and friction: 
• Mosbeux, C., Gillet-Chaulet, F., Gagliardini, O., 2016. Comparison of adjoint and nudging methods to 
initialise ice sheet model basal conditions. Geosci. Model Dev. 2016

• Assimilation of friction at different dates:
• Gillet-Chaulet, F., Durand, G., Gagliardini, O., Mosbeux, C., Mouginot, J., Rémy, F., Ritz, C., 2016. 
Assimilation of surface velocities acquired between 1996 and 2010 to constrain the form of the basal 
friction law under Pine Island Glacier. Geophys. Res. Lett. 2016

See applications:
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SSA: See Oslo - 2016 Course
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Repeat Mac Ayeal Twin Experiment
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Variational data assimilation
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Initial guess
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the truththe guess (square root of)
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Compute model velocity
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The direct solver used to 
make the adjoint (may not be 
up-to-date wr the latest ssa 
solver)

For the accuracy of the 
adjoint use Newton method 
for non-linear iterations



F. GILLET-CHAULET –  Advanced Elmer/Ice workshop 2017

Variational data assimilation
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Compute the cost function

21

obsX

i=1

||umod � uobs||2
��
obs
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Variational data assimilation
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Compute the gradient
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Boundary conditions
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Change of variable
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We have computed the gradient wr to the friction parameter; physically this parameter should 
remain positive => make change of variable                      or� = ↵2 � = 10↵
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Regularisation
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Most real inverse problem are ill-posed
=> add a-priori knowldedge to regularise the problem
=> not needed here as the obs. are perfect!
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Variational data assimilation
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Optimisation
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Check the convergence!!
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Output information
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M1QN3 documentation
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Look at the results
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Add noise in the data
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Plot a L-Curve
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5.0e06
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Plot a L-Curve
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Model Ronne-Filchner Ice Shelf
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Initialisation
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I have already imported 
data required for the 
computation
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Optimise mean viscosity
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Boundary conditions
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Apply Dirichlet condition in grounded parts
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Results
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Initial guess

Final result Final error

Obs.



Initial guess

Final result
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Results
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Results
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2.0e05
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Inverse methods in Elmer: Thickness Solver
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see Morlighem et al., 2011, a mass consservation approach for mapping glacier ice 
thickness

1. Compute the blance thickness 2. Compare with observations

J(ū, a
s

) =
N

obsX

1

0.5(H �H
obs

)2 + �J
Reg

Effective smb (model smb+dhdt)

Observed surface velocities

3. Use the adjoint to optimise u and a and reduced mismatch
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Inverse methods in Elmer: Thickness Solver
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• Work already done
• See presentation by J. Fürst for more details
• Still requires some cleaning/re-arrangement before submission to the Elmer/Ice distrib.


